Orthogonality catastrophe as a consequence of qubit embedding in an
  ultra-cold Fermi gas by Goold, J. et al.
Orthogonality catastrophe as a consequence of probe embedding in an ultra-cold Fermi gas
J. Goold1,2, T. Fogarty2, N. Lo Gullo2, M. Paternostro3, and Th. Busch2
1Clarendon Laboratory, University of Oxford, United Kingdom,
2Physics Department, University College Cork, Cork, Ireland,
3Centre for Theoretical Atomic, Molecular and Optical Physics, Queen’s University Belfast, Belfast BT7 1NN, UK
(Dated: October 27, 2018)
We investigate the behavior of a two-level atom coupled to a one dimensional, ultra-cold Fermi gas. The
sudden switching on of the impurity-gas scattering leads to the loss of any coherence in the initial state of
the impurity and we show that the exact dynamics of this process is strongly influenced by the effect of the
orthogonality catastrophe within the gas. We highlight the relationship between the Loschmidt echo and the
retarded Green’s function - typically used to formulate the dynamical theory of the catastrophe - and demonstrate
that the effect is reflected in the impurity dynamics. The expected broadening of the spectral function can be
observed using Ramsey interferometry on the two level atom.
In the past decade ultra-cold quantum gases have emerged
as ideal candidates for designing controllable experiments to
simulate effects in condensed matter physics [1]. This success
is likely to receive another boost due to the recent emergence
of a fundamental new class of hybrid experimental systems. In
these, two separate, ultra-cold atomic systems are combined
in such a way that their coupling can be externally controlled
and their states independently measured, therefore allowing
detailed investigations into the theory of quantum interactions
and decoherence. Existing examples of such systems are sin-
gle spin impurities embedded in ultra-cold Fermi gases [2, 3]
and the combination of neutral [4, 5] or charged single atoms
[6, 7] with Bose-Einstein condensates. These endeavors of-
fer the possibility for controlled simulation of many differ-
ent system-environment models synonymous with condensed
matter physics and non-equilibrium statistical physics [8].
Here we show that a fundamental and well known quan-
tum many-body effect, the Anderson orthogonality catastro-
phe (OC), can play an important role in ultra-cold, coupled
systems [9]. We consider a single two-level system (impu-
rity) embedded into a harmonically trapped, ultra-cold Fermi
gas and demonstrate how the overlap between the many-body
wavefunctions of the Fermi sea before and after a transition in
the impurity vanishes as the number of particle and/or the scat-
tering strength is increased. This signals the onset of OC and
we show that it can be observed by looking at the dynamical
dephasing features of the impurity alone. Our study identi-
fies the OC as a significant effect even in mesoscopic systems
and it represents a prime example of how properties of an out-
of-equilibrium systems with many degrees of freedom can be
inferred by looking at a simpler auxiliary system.
Let us briefly revisit the original idea of Anderson [9]
by considering the ground state of a non-interacting, spin-
polarized Fermi gas in a hard-wall, spherically-symmetric box
at zero temperature. The many-particle wave-function of the
gas is given by the Slater determinant of the radial single-
particle eigenstates ψn(k j, x j) as
Ψ(r1, r2, . . . , rN) =
1√
N!
(N−1,N)
det
(n, j)=(0,1)
ψn(k j, r j) , (1)
where r j (k j) is the coordinate (wavenumber) of the jth parti-
cle. For spherical symmetry (l = 0) the eigenstates are given
by the Bessel functions ψn(k j, r j) =
sin(k jr j)
k jr j
. Consider now
the same system, but in the presence of a static perturbation.
Intuitively, the single-particle states are deformed and if the
perturbation is highly localised, the new states can be written
asymptotically as ψ
′
n(k j, r j)∼ sin(k jr j+δ)k jr j (1 −
r j
R ), where δ is an
s-wave phase shift and R is the radius of the spherical box.
This, in turn, leads to a modified Fermi sea Ψ
′
and the overlap
between the perturbed and unperturbed many-body states is
given by ν=〈Ψ′ |Ψ〉= det[Anm], where Anm =
∫
ψn(r)ψ
′
m(r) dr.
When evaluating the overlap integral, one finds ν∝N− α2 , where
α = 2δ
2
pi2
goes to zero for N and/or δ sufficiently large [9].
While Anderson’s original work involved stationary states,
the creation of a perturbed many-body state is, in general, a
time-dependent process. The dynamical theory of the OC was
developed by Nozie`res and De Dominicis [10], who subse-
quently calculated the transient response of a Fermi sea after
the sudden switching on of a core-hole in a metal. A direct
manifestation of the OC can then be observed in the single-
particle spectrum of the Fermi gas
A(ω)=2<
∫ ∞
−∞
dt ei(ω−ωT )tν(t) , (2)
where, ν(t) = 〈Ψ|eiHˆte−iHˆ′ t |Ψ〉 is the propagator of the core
hole’s retarded Green’s function at zero temperature
G(t) = −ie−itωT Θ(t)〈Ψ|eiHˆte−iHˆ′ t |Ψ〉. (3)
Here Θ(t) is the Heaviside step function and Ψ is the ini-
tial equilibrium state of the Fermi system, governed by the
Hamiltonian Hˆ. The threshold frequency for the creation of
the hole in the valence band of the metal is given by ωT and
the subsequent evolution of the Fermi sea in the presence of
the impurity is given by Hˆ
′
[8]. In the absence of the hole, the
single-particle spectrum of the homogeneous non-interacting
Fermi gas is a Dirac-δ function peaked at the Fermi energy.
Experimentally, it was shown using X-ray spectroscopy that
the presence of the OC broadens this spectrum, thus signal-
ing a dramatic change in the fundamental excitations of the
system.
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2The evaluation of the Green’s function in Eq. (3) amounts
to calculating the single particle state overlaps if one can solve
the single particle problem for both the perturbed and the un-
perturbed system. In this case in fact the evolved many-body
wavefunctions are simply given by combinations of Slater de-
terminants of the evolved single particles states ψn(x, t) and
ψ′n(x, t). The overlap ν(t) between the two many-body wave-
functions is thus:
ν(t) = 〈Ψ|eiHˆte−iHˆ′ t |Ψ〉 = det[Anm(t)] (4)
with Anm(t)=
∫
ψ
′
n(x, t)ψm(x, t)dx.
In what follows we demonstrate how the physics of the OC
influences the dynamics of a single auxiliary two-level sys-
tem which is coupled to the environment of a non-interacting
Fermi gas in a harmonic trap. As our system we choose a
highly localised, neutral atom [11, 12], whose relevant two
levels, |g〉 and |e〉, are assumed to be separated by the energy
~Ω, so that the free Hamiltonian reads Hs= ~Ω2 (|e〉〈e| − |g〉〈g|).
The environment is then described by
Hˆ =
∫
Ψˆ†(x)
(
− ~
2
2m
d2
dx2
+
1
2
mω2x2
)
Ψˆ(x)dx, (5)
where Ψˆ†(x) is the fermionic field creation operator. Note
that we are choosing a one-dimensional system here which
is sufficent to demonstrate the fundemental effects. At suffi-
ciently low temperatures s-wave scattering is the dominating
interaction process between the Fermi gas and the atom and
for simplicity (without affecting the generality of our discus-
sion) we assume that only |e〉 has a finite (positive) s-wave
scattering length, while |g〉 does not interact with the environ-
ment. Assuming that a confining potential strongly localizes
the impurity’s wave-function so that the kinetic energy can be
neglected then leads to the following interaction Hamiltonian
for the gas
HˆI = κ
∫
Ψˆ†(x)δ(x − d)Ψˆ(x)dx, (6)
where we have used the standard pseudo-potential approxi-
mation for the scattering interaction: the scattering potential
only acts at position d in the gas, with a strength κ that can
be related to the previously mentioned scattering phase-shift
δ [13]. In this work we will specifically focus on the case
d = 0. The analogy with the situation typically considered
in the context of Anderson’s OC theory should now be ap-
parent: the localised spatial interaction of the impurity with
the ultra-cold gas plays a role analogous to the interaction of
the core hole with the rest of the electrons in a metal. A key
point to stress is that here, in contrast to the case of a metal,
we have a far smaller number of particles in the environment,
which could in principle compromise the observability of the
OC effects. However, ultra-cold atomic systems allow for the
possibility to tune the s-wave scattering length to an arbitrarily
large value by means of a Feshbach resonance, thus compen-
sating for the lack of particles participating in such dynamics.
We will show that this offers the possibility of observing the
OC effect even in mesoscopic systems.
Let us start by assuming that, at time t < 0, the atom is
prepared in the state |g〉 and the Fermi gas is in its ground state
|Ψ〉. As |g〉 does not interact with the Fermi gas, the collective
state of the hybrid system can be written as |Φ〉 = |g〉 ⊗ |Ψ〉.
At t = 0, a properly set interaction between the atom and a
classical laser field prepares the former in (|g〉 + |e〉)/√2 and
the perturbed Fermi sea evolves according to HˆI , driving the
overall system into a correlated state of the form
|Φ′〉 =
(
|g〉 ⊗ e−iHˆt |Ψ〉 + |e〉 ⊗ e−i(Hˆ+HˆI )t |Ψ〉
)
/
√
2. (7)
The state of the environment now depends on atomic state
with |Ψ′g(t)〉 = e−iHˆt |Ψ〉 for the non-interacting part and
|Ψ′e(t)〉 = e−i(Hˆ+HˆI )t |Ψ〉 in the presence of scattering. The time-
dependent density matrix of the impurity ρs(t) can straight-
forwardly be evaluated by tracing out the environment. One
immediately finds that the coherences of the reduced state are
proportional to the scalar product
〈Ψ′g(t)|Ψ
′
e(t)〉 = 〈Ψ|eitHˆe−it(Hˆ+HˆI )|Ψ〉 = ν(t). (8)
The equivalence between this expression and the time-
propagator ν(t) in Eq. (4) is immediately evident, thus pro-
viding a direct link between the decoherence of an atom
in a fermionic environment and the phenomenon of Ander-
son OC. Furthermore, |ν(t)|2≡|〈Ψ′g(t)|Ψ′e(t)〉|2 is the so-called
Loschmidt echo L(t) [14, 15], which can be used as a tool for
the quantitative study of decoherence processes due to many-
body environments [16, 17]. We shall go back to the study of
the echo later.
The above argument holds for situations in which the Fermi
gas is initially prepared in a pure state. However it is often the
case that the gas has some thermal component and its quantum
state is mixed. In this case, the state of the environment at
t = 0 is described by a density matrix and we find the overlap
to be
ν(t) = Tr[Uˆ
′
(t)ρˆUˆ(−t)] =
∑
n,m,l
ClΛ∗m,nΛm,l e
−i∆m,nt (9)
with ∆m,n=E
′
m−En the difference between the many-body en-
ergies En and E′m, Cl = eEl/kBT /Z (here Z is the partition func-
tion) and Λm,n the overlap between the excited many-body
states of the system (see Ref. [18] for further details). In
the following, for the sake of clarity, we present all results
in natural units and thus scale energies in terms of ~ω, lengths
in terms of the harmonic trap length l0=
√
~/mω, and time in
units of the inverse trapping frequency ω−1. From this it fol-
lows that κ is scaled in units of l0/~ω.
Given the formal connection between ν(t) and the im-
purity’s dynamics, we can quantify the degree of quan-
tum correlations embodied by entanglement within the
state in Eq. (7) by means of the von Neumann entropy
S (t)= −∑i λi(t) log2 λi(t), where λi(t) are the time-dependent
eigenvalues of ρs(t). The time dependent von Neumann en-
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FIG. 1: (a) Time-dependent von Neumann entropy as a function of
the particle number for κ = 200. The inset shows a time slice at
t = pi/2. (b) Time-dependent von Neumann entropy as a function of
the particle number for κ = 50.
tropy is shown in Fig. 1 for systems with different parti-
cle number and for two different values of the interaction
strengths. If the interaction energy is at or above the Fermi
energy, as is the case in Fig. 1(a), it can be seen that after
the interaction is switched on, the coupled system evolves
into a fully entangled state (having S=1). This indicates
that the many-particle state, created after the disturbance is
switched on, almost immediately becomes orthogonal to the
initial equilibrium state, as demanded by the catastrophe ef-
fect. It is remarkable to note that, already for a small number
of particles, the state of the atomic gas is not separable at any
time following the quench. The inset shows the entropy at
a fixed moment in time, clearly indicating that the orthogo-
nal state is already reached for a mesoscopic particle numbers
(N ≈ 15 in the figure). An interesting point to make here is
that, provided one has the ability to tune the coupling to a large
value, the qualitative features remain similar for even smaller
Fermi environments. This is in contrast to the case of a metal
where large particle numbers but only relatively weak scatter-
ing are in order. Fig. 1(b) shows the von Neumann entropy
for a weaker coupling of κ = 50. In this case, full orthogonal-
ity only appears for larger particle numbers and a maximally
entangled state is achieved around the resonance of N = 50.
Let us now show how the properties of our complex system-
environment state can be directly inferred from looking at the
system state only [19]. In particular, we suggest to use Ram-
sey interferometry on the atom to measure the time dependent
overlap, ν(t), and from it the single-particle spectrum of the
Fermi gas. As discussed previously, this spectrum is known
to be strongly affected by the OC [8]. Spectral information
will therefore provide a definite signature of OC which can
be easily compared to the original experiments in metals. Our
scheme is based on a protocol put forward in Ref. [20]: af-
ter the creation of the entangled atom-environment state, we
allow the hybrid system to freely evolve for a time t. During
FIG. 2: The spectral function A(ω) as a function of the particle num-
ber N for κ = 100. The effect of OC is characterised by a flattening
and a shift of the initally sharp and centralised peak, the area for all
spectral functions is constant.
this time, a phase-shift gate is applied to the atom, such that
|g〉 → |g〉 and |e〉 → eiφ|e〉, giving the state of the overall sys-
tem as |Ψ(t)〉=(|g〉⊗e−iHˆt |Ψ〉+eiφ|e〉⊗e−i(Hˆ+HI )t |Ψ〉)/√2. Using
again a classical field, the state of the atom can be changed as
|g〉→(|g〉+|e〉)/√2, |e〉→(|g〉−|e〉)/√2, and we finally measure
the probability for the atom to be found in |g〉, which reads
Pg(t, φ) = [1 + cos(φ)νR(t) − sin(φ)νI(t)]/2 (10)
where ν(t) = νR(t) + iνI(t) is the overlap entering the OC the-
ory in Eq. (8). The overlap function ν(t) can be extracted as a
fitting parameter of Eq. (10), which would be used as the best-
fit function for the experimentally reconstructed Pg(t, φ). The
latter would be achieved by measuring Pg(t, φ) (for instance
through fluorescence resonance techniques) at various value
of the phase φ. The single-particle spectrum A(ω) can then
be obtained from the Fourier transform on the time-dependent
overlap ν(t), according to Eq. (2). We show a typical spectrum
in Fig. 2 as a function of the particle number for κ=100 and
within a frequency-window centered in ωT . One observes that
A(ω) exhibits almost identical features to those observed via
X-ray absorption of metals [8]: as the number of particles in
the gas increases, the peak frequency of the spectrum is renor-
malized (it is shifted towards the blue with respect to ωT ) and
the width of each peak broadens. As the area underneath each
peak is constant, such broadening is consistent with a flatten-
ing effect.
Let us briefly discuss other experimental effects that can
lead to a broadening of the spectrum. As one can see from
Eq. (9) the effect of a non-zero temperature of the gas is to
introduce additional frequencies in the spectrum and thus to
broaden it. Nonetheless, the latter is not the result of the OC
but rather to the presence of initial single particle excitations
in the Fermi gas. Indeed the blue shift in the spectrum is also
absent. Another possible mechanism responsible for broad-
ening is the finite size of the impurity. Such a source of im-
perfections can be included in our calculations by replacing
4FIG. 3: (a) Loschmidt echo L(t) as a function of the particle number
N for κ = 200. (b) Behaviour of L(t) at time t=pi/2 for κ=25, 50, 100.
the δ-like interaction in Eq. (6) with a Gaussian potential with
a characteristic width σ while the δ-like interaction only af-
fects the initial even wavefunctions of the system, leaving the
odd ones unchanged [21]. A finite-size potential, on the other
hand, would couple more states, thus broadening the spec-
trum. Even though both the temperature and the finiteness of
the impurity produce a similar effects, it should be stressed
that the latter is “inherently part of the OC.
As remarked above, the OC manifests itself in an intriguing
way in the Loschmidt echo L(t). The echo describes the envi-
ronmental sensitivity to a generic perturbation The echo cor-
responding to Fermi gases of various N and κ=200 is shown
in Fig. 3. As expected from our previous considerations, it de-
creases rapidly once the system size is above a moderate num-
ber. Fig. 3(b) shows the long-time behavior of L(t) against N,
highlighting its decreasing trend as the OC conditions are ap-
proached. The revival in the echo are located at the time cor-
responding to the inverse of the particle-hole like resonances
E
′
n − E′0 in the (perturbed) Fermi gas (see Ref. [18]). By mea-
suring the dynamical overlap ν(t) one can thus probe the single
particle excitations of the system.
Let us finally comment on a realistic experimental im-
plementation of our model. A recent experiment utilised
a species-selective dipole potential to trap (trap frequency
1kHz) and tightly localize an individual 40K impurity in a
one-dimensional gas of 87Rb (trap frequency 50Hz) [22]. The
average filling factor of the gas is 180 atoms. Although the
atoms used in this specific example are bosonic, one can use
a confinement-induced resonance to drive the atoms into the
fermionized Tonks-Girardeau regime, where the Loschmidt
echo has recently been shown to be equivalent to our result
for non-interacting fermions [23]. Furthermore, when both
species are prepared in the hyperfine state |F=1,m f=1〉, one
has the ability to adjust the interspecies scattering length al-
most at will utilising a magnetic Feschbach resonance. With
the addition of suitable microwave pulses, the set-up in [22]
contains all of the ingredients for a direct experimental verifi-
cation of our proposal.
In conclusion we have shown that the OC plays an important
role in the dynamics of coupled systems consisting of an ultra-
cold atomic gas interacting with a single two-level system.
In this respect, we have quantitatively linked the OC to the
mechanism of decoherence undergone by the two-level sys-
tem and signaled by the Loschmidt echo. It should be stressed
that, beside pointing out the exciting possibility to explore
the OC in a realistic set-up, close to experimental state-of-
the-art, and radically different from the one originally envis-
aged by Anderson, the scenario addressed here allows us to
demonstrate that, by manipulating a single impurity, one can
obtain highly nontrivial information about the environmental
behavior. Such information is invaluable for tasks of envi-
ronmental characterization and interaction-identification, thus
suggesting an ideal probe for testing ultracold atomic gases.
In this sense, our proposal stands as the ultra-cold counterpart
of the hallmark experiments in the X-ray absorption spectrum
of metals while demonstrating, at the same time, the appropri-
ateness of auxiliary quantum systems as probes for ultra-cold
quantum gases.
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